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1. INTRODUCTION

This presentatioriocuseson structuralaspect®of algebraigproofsfor incidencetheorems Severalapproaches
to proving incidencetheoremdby algebraicmethodsarecomparedandit is shavn thatall of themareessentially
equivalent.A specialroleis playedby proofsthataregeneratedby joining togethemary distinctcopiesof Ceva’s
or Menelaus'Theorem. Theseproofscanbe equippedwith anunderlyingmanifold structure. The factthatone
“indeedhasa proof”’ correspondso thefactthatthe manifold hasno boundary Thusadditionalstructuralinsight
is obtainedby directly associatingeyclic cancellationpatternsin proofsto cyclic structureson manifolds. The
correspondencbetweenmanifoldsandalgebraicproofs makes useof essentiafactsthat occurin the theory of
Tutte Groupsfor matmoidsthatwasintroducedoy DressandWenzelin 1984(seefor instancg?2]). As applications
of thesenew structuralinsightsone canfor instancegeneratea completeclassificationof liftable rhombictilings
with threedirections.

2. CEVA’SAND MENELAUS THEOREM

Herewe wantto sketchright away the relationbetweenincidencetheoremsand manifolds. At first sightthe
presentedipproachto incidencetheoremsseemso be very specialbut indeedour maintheoremwill shav that
this approachs always applicablewhencertainother classicalproving methods(Area Method a la Shephard&
Grunbaum(3], BiquadraticFinal Polynomialg1]) apply.

Our main protagonistsarethe theoremsf Ceva andof Menelaus.Ceva’'s Theoremstatesthatif in atriangle
the sidesare cut by threeconcurrentinesthatpaththroughthe correspondingppositevertex the productof the
three(oriented)lengthrationsalongeachsideequalsl. Menelaus'Theoremstatesthe this productis —1 if the
cutsalongthe sidescomefrom asingleline.

z

Cwa’sTheoremz% - % A g MenelausTheorem: =5 - o= - gt 1

|AZ| [BX| [CY] _

[YA| [ZB] " IXC] " YA —

Thereis animmediateproof of thesefactsif oneconsidergheratiosalongeachsideasa quotientof triangleareas.
Let [ABC] denotethe (oriented)areaof thetriangle ABC. We obviously have
[CDA] [ADB] [BDC]

[CDB] [ADC] [BDA] -1

Observing% = —% (andthecorrespondingquationdor the othersides)we getCeva’s Theorem.Similarly

aproofof MenelausTheoremis derived. Considetthe specialline asbeinggeneratedby two pointsD andE. We
have
[DEA] [DEB] [DEC]
[DEB] [DEC] [DEA]

1,

Thisis in essencéenelausTheorem.
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2.1. Gluing together Ceva and MenelausConfigurations. Now take ary triangulatedriented2-Manifold. This
manifold senesasa kind of framefor the constructiorof anincidencetheorem.Considerthis manifold asbeing
realizedby flat triangles(it doesnot matterif thesetrianglesintersect,coincideor are coplanaraslong asthey
representhe combinatorialstructureof the manifold). Let us be concreteandtake the projectionof a tetrahedron
(ABCD) to R?. Now choosePointsU,V,W, X, Y, Z oneon eachof the edgesof the tetrahedron Assumethat for
threeof the facesthesepointssatisfy Ceva’s condition. Thenthey automaticallysatisfyit alsofor thelastface—
anincidencetheorem.

Z B B

The proof of this theoremis almostobviousfrom the algebraiccharacterizatiomf Ceva’'s condition. Consider
thefollowing formula

|AJ] [BV] [CY]\ (|CW| |DX| |AY]Y (|AX| [DZ| |BU[\ ([BZ| [DW| [CV]Y _,
lUB| "|vC| |YA]) \|wD| |XA| |yC|/ \|XD| |z8B| |UA[) \|zD| wC| |vB[)

Thisformulais obviouslytrue sinceexactly all termsof thenumeratoioccurin thedenominatoaswell. Onthe
otherhandeachof the Factorsbeing1 stateshe Ceva conditionfor oneof thefaces.Thusthreeof theseconditions
imply thelastone. The essentiafactaboutthe structureof this proofis thatwhenever two facesmeetin anedge
thetwo correspondingatioscancel.ln generalwe obtain:

For ary triangulated?-manifoldchoosea pointon eachedgesuchthatfor everyfaceeitheraCevaor a
Menelausconditionis generatedlf altogetheanevennumberof Menelausconfigurationis involved,
thenthelastconditionis metautomatically

3. COMPARISON WITH OTHER METHODS

This methodof generatinganincidenceheoremmay seenratherspecial.Neverthelesdt is amaterof factthat
mary classicalincidencetheoremscanbe generatedhis way. It is possibleto transferotherproving techniques
into this structure.In particularproofsgeneratedby the“AreaMethod” (in thesenseof Grinbaum& Shephardpr
by the methodof “biquadraticfinal polynomials”canbe translatednto Ceva/Menelaugproofs. The proof of this
factmalkesuseof conceptdevelopedin the context of Tuttegroups.

The methodof biquadraticfinal polynomialsconsiderdor eachcollinearity (A, B,C) all equationf the form
[ABX][ACY] = [ABY][ACX]. Searchindor the suitabledependencieamongtheseequationds a methodof auto-
maticallyfinding algebraicproofs. Again we will exemplify the conceptby a specificexample.Considerthe well
known Pappostheorem A biquadraticproofis givenin thepicture.

COLL(123) <« [124[137 =[127[134
coLL(159) <= [154[197 =[157[194
COLL(168) <= [184[167 =[187[164
COLL(249) <= [427[49] = [421]]497
COLL(456) <= [457)[461 = [451][467
COLL(348) <« [487][431 =[481[437
CoLL(267) <= [721[764 =[724[76]]
coLL(357) <« [751][734 =[724[731]
coLL(789) <= [781[794 =[724[79]

Underthe non-degenerag assumptiorthat 1,4, 7 are not collinearthe first eight equationcorrespondo the
hypothesiof the theorem.Multiplying everythingon the left andeverythingon the right of theseequationsand
cancelingermsthatoccuron bothsidesproducesxactly thelastequationwhichis the conclusion.
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Usually this kind of proof doesnot carry a naturalmanifold structure(asthe Ceva/Menelaugproofsdo). The
following agumentexemplifiesthatnevertheleseachsuchproof canbetransferrednto a Ceva/Menelaugroof.
We canwrite ary biquadratigproofin multiplicative form. For instancethe Papposproofbecomes:

124137 [154[197 [184[167 [42749] [457[46Y [487[43Y [721[764 [754[734 [783[794 _,

[127[134 [157[194 [187[164 [421[497 [451[467 [481[437 [724[76] [754[73] [784[79] —

The nine blockscorrespondo the nine biquadraticequationsThatfactthatwe have a proof impliesthateach
bracletin the numeratoroccursin the denominatormaswell. Now a Homotopytheoemon Mauer graphsshavs
that eachbraclet quotientwith this property(wherea ratio of two bracletsis consideredcasanindecomposable
symbolin an abstractgroup) canbe generatedy multiplication of finitely many Ceva/Menelausonditions. In
generathe expressiormayget(considerablyJongerhoweverin the caseof Pappostheorenthis canbedoneby a
simplerearrangemerntf theratiosin the expression Sowe first decomposeachbinomialratio in two factors:

[124 [137 [154 [197 [184 [167] [427 [49] [457 [461 [487 [431 [72] [764 [75] [734 ([781] [794]:1
[127 [134 [157 [194 [187 [164 [421] [497) [451] [467 [481 [437 [724 (761 [754 [731] [784 [79]

After thiswe rearrangeheratiosto geta Ceva/Menelauproof. In this expressioreach(big) factorcorresponds
to a Ceva configuration.

[124[721][427 ) [137[431][734 ) [154[751][457 ] [197[491][794 ] [184[781][487 ) [167[461][764 -1
[127[724[42] [134[437[73] [157[754[45] [194[497[79] [187[784[48] [164[467[76]

The factthat no additionalCeva configurationsare necessarygorrespondso the factthat alreadythe original
biguadraticproof carrieda manifold structure. The following diagramillustratesthe manifold structureof the
proofs. The six big equilateratrianglesin the picturecorrespondso the six Ceva configurationghatarisein the
proof. Oppositesidesof the hexagonhave to beidentified. Sothe overall topologyof the proofis atorus.

In eachtrianglethe pointin the middle correspondso the Ceva point. The interior structureof the triangles
forms nine rhombi (after the identification). Eachromhbus correspondgo one of the original equationsof the
biguadratigoroof.

4. FURTHER INVESTIGATIONS AND APPLICATIONS

Furthermoret will be demonstratedhow the structuralinsight canbe usedto completelyclassifyincidence
theoremghatinvolve only threebundlesof parallellines. This leadsto a completeclassificatiorof rhombictilings
with threedirectionswith respecto liftability. As a furtherenhancemerit is alsodemonstratedhow the setof
geometrigorimitivescanbe enrichedo cover alsostatementsboutconics.

REFERENCES

[1] J. BokowskI & J. RICHTER, Onthefindingof final polynomials Eur. J. Comb, 11 (1990),21-34.
[2] A.DRESs & W. WENZEL, Oncombinatorialandprojectivegeometry Geom.Dedicata34 (1990),161-197.
[3] G.C. SHEPHARD & B. GRUNBAUM, Ceva, Menelausandtheareaprinciple, MathematicsVlagazine 68 (1995),254—258.



