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1. INTRODUCTION

This presentationfocuseson structuralaspectsof algebraicproofsfor incidencetheorems.Severalapproaches
to proving incidencetheoremsby algebraicmethodsarecomparedandit is shown thatall of themareessentially
equivalent.A specialrole is playedby proofsthataregeneratedby joining togethermany distinctcopiesof Ceva’s
or Menelaus’Theorem.Theseproofscanbe equippedwith an underlyingmanifoldstructure.The fact thatone
“indeedhasa proof” correspondsto thefactthatthemanifoldhasno boundary. Thusadditionalstructuralinsight
is obtainedby directly associatingcyclic cancellationpatternsin proofs to cyclic structureson manifolds. The
correspondencebetweenmanifoldsandalgebraicproofsmakesuseof essentialfactsthat occurin the theoryof
TutteGroupsfor matroidsthatwasintroducedby DressandWenzelin 1984(seefor instance[2]). As applications
of thesenew structuralinsightsonecanfor instancegeneratea completeclassificationof liftable rhombictilings
with threedirections.

2. CEVA’ S AND MENELAUS’ THEOREM

Herewe want to sketchright away the relationbetweenincidencetheoremsandmanifolds. At first sight the
presentedapproachto incidencetheoremsseemsto be very specialbut indeedour main theoremwill show that
this approachis alwaysapplicablewhencertainotherclassicalproving methods(Area Methodá la Shephard&
Grünbaum[3], BiquadraticFinalPolynomials[1]) apply.

Our mainprotagonistsarethe theoremsof Ceva andof Menelaus.Ceva’s Theoremstatesthat if in a triangle
thesidesarecut by threeconcurrentlines thatpaththroughthecorrespondingoppositevertex theproductof the
three(oriented)lengthrationsalongeachsideequals1. Menelaus’Theoremstatesthe this productis H 1 if the
cutsalongthesidescomefrom a singleline.
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Thereis animmediateproofof thesefactsif oneconsiderstheratiosalongeachsideasaquotientof triangleareas.
Let NABCO denotethe(oriented)areaof thetriangleABC. We obviouslyhaveNCDAONCDBO J NADBONADCO J NBDCONBDAO M H 1 P
Observing QCDARQCDBR M H IAZ

II
ZB
I (andthecorrespondingequationsfor theothersides)we getCeva’sTheorem.Similarly

aproofof Menelaus’Theoremis derived.Considerthespecialline asbeinggeneratedby two pointsD andE. We
have NDEAONDEBO J NDEBONDECO J NDECONDEAO M 1 S
This is in essenceMenelaus’Theorem.
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2.1. Gluing togetherCeva and MenelausConfigurations. Now takeany triangulatedoriented2-Manifold. This
manifoldservesasa kind of framefor theconstructionof anincidencetheorem.Considerthis manifoldasbeing
realizedby flat triangles(it doesnot matterif thesetrianglesintersect,coincideor arecoplanaras long asthey
representthecombinatorialstructureof themanifold). Let usbeconcreteandtake theprojectionof a tetrahedronT
ABCD U to V 2. Now choosePointsU S V S W S X S Y S Z oneon eachof theedgesof the tetrahedron.Assumethat for

threeof thefacesthesepointssatisfyCeva’s condition.Thenthey automaticallysatisfyit alsofor thelastface—
anincidencetheorem.
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Theproof of this theoremis almostobviousfrom thealgebraiccharacterizationof Ceva’s condition.Consider
thefollowing formula

Y.Z
AU

ZZ
UB

Z J ZBV
ZZ

VC
Z J ZCY

ZZ
YA

Z�[ J Y.ZCW
ZZ

WD
Z J ZDX

ZZ
XA

Z J ZAY
ZZ

YC
Z5[ J Y*ZAX

ZZ
XD

Z J ZDZ
ZZ

ZB
Z J ZBU

ZZ
UA

Z\[ J Y]ZBZ
ZZ

ZD
Z J ZDW

ZZ
WC

Z J ZCV
ZZ

VB
Z5[ M 1 P

This formulais obviouslytruesinceexactlyall termsof thenumeratoroccurin thedenominatoraswell. Onthe
otherhandeachof theFactorsbeing1 statestheCevaconditionfor oneof thefaces.Thusthreeof theseconditions
imply the lastone.Theessentialfactaboutthestructureof this proof is thatwhenever two facesmeetin anedge
thetwo correspondingratioscancel.In generalweobtain:

For any triangulated2-manifoldchooseapointoneachedgesuchthatfor everyfaceeitheraCevaor a
Menelausconditionis generated.If altogetheranevennumberof Menelausconfigurationis involved,
thenthelastconditionis metautomatically.

3. COMPARISON WITH OTHER METHODS

Thismethodof generatinganincidencetheoremmayseemratherspecial.Neverthelessit is amaterof factthat
many classicalincidencetheoremscanbe generatedthis way. It is possibleto transferotherproving techniques
into thisstructure.In particularproofsgeneratedby the“AreaMethod”(in thesenseof Grünbaum& Shephard)or
by themethodof “biquadraticfinal polynomials”canbetranslatedinto Ceva/Menelausproofs. Theproof of this
factmakesuseof conceptsdevelopedin thecontext of Tuttegroups.

Themethodof biquadraticfinal polynomialsconsidersfor eachcollinearity
T
A S B S C U all equationsof theformNABXO^NACYO M NABY O_NACX O . Searchingfor thesuitabledependenciesamongtheseequationsis a methodof auto-

maticallyfinding algebraicproofs.Again we will exemplify theconceptby a specificexample.Considerthewell
known Pappostheorem.A biquadraticproof is givenin thepicture.
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COLL ` 123acbed f 124ghf 137gjikf 127ghf 134g
COLL ` 159acbed f 154ghf 197gjikf 157ghf 194g
COLL ` 168acbed f 184ghf 167gjikf 187ghf 164g
COLL ` 249acbed f 427ghf 491gjikf 421ghf 497g
COLL ` 456acbed f 457ghf 461gjikf 451ghf 467g
COLL ` 348acbed f 487ghf 431gjikf 481ghf 437g
COLL ` 267acbed f 721ghf 764gjikf 724ghf 761g
COLL ` 357acbed f 751ghf 734gjikf 724ghf 731g
COLL ` 789acbed f 781ghf 794gjikf 724ghf 791g

Under the non-degeneracy assumptionthat 1 S 4 S 7 arenot collinear the first eight equationcorrespondto the
hypothesisof the theorem.Multiplying everythingon the left andeverythingon theright of theseequationsand
cancelingtermsthatoccuron bothsidesproducesexactly thelastequation,which is theconclusion.
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Usually this kind of proof doesnot carrya naturalmanifoldstructure(asthe Ceva/Menelausproofsdo). The
following argumentexemplifiesthatneverthelesseachsuchproof canbetransferredinto a Ceva/Menelausproof.
We canwrite any biquadraticproof in multiplicative form. For instancethePapposproofbecomes:

f 124ghf 137gf 127ghf 134g�l f 154ghf 197gf 157ghf 194g�l f 184ghf 167gf 187ghf 164g�l f 427g�f 491gf 421g�f 497g�l f 457g�f 461gf 451g�f 467g�l f 487g�f 431gf 481g�f 437g�l f 721g�f 764gf 724g�f 761g�l f 751g�f 734gf 754g�f 731g�l f 781g�f 794gf 784g�f 791g i 1

Thenineblockscorrespondto theninebiquadraticequationsThat fact thatwe have a proof implies thateach
bracket in the numeratoroccursin the denominatoraswell. Now a Homotopytheoremon Mauer graphsshows
that eachbracket quotientwith this property(wherea ratio of two bracketsis consideredasan indecomposable
symbol in an abstractgroup)canbe generatedby multiplication of finitely many Ceva/Menelausconditions. In
generaltheexpressionmayget(considerably)longerhowever in thecaseof Pappostheoremthiscanbedoneby a
simplerearrangementof theratiosin theexpression.Sowefirst decomposeeachbinomialratio in two factors:

f 124gf 127g l f 137gf 134g l f 154gf 157g l f 197gf 194g l f 184gf 187g l f 167gf 164g l f 427gf 421g l f 491gf 497g l f 457gf 451g l f 461gf 467g l f 487gf 481g l f 431gf 437g l f 721gf 724g l f 764gf 761g l f 751gf 754g l f 734gf 731g l f 781gf 784g l f 794gf 791g i 1

After thiswerearrangetheratiosto getaCeva/Menelausproof. In thisexpressioneach(big) factorcorresponds
to a Cevaconfiguration.

f 124ghf 721ghf 427gf 127ghf 724ghf 421g l f 137g�f 431g�f 734gf 134g�f 437g�f 731g l f 154g�f 751g�f 457gf 157g�f 754g�f 451g l f 197g�f 491g�f 794gf 194g�f 497g�f 791g l f 184ghf 781ghf 487gf 187ghf 784ghf 481g l f 167ghf 461ghf 764gf 164ghf 467ghf 761g i 1

The fact thatno additionalCeva configurationsarenecessarycorrespondsto the fact thatalreadythe original
biquadraticproof carrieda manifold structure. The following diagramillustratesthe manifold structureof the
proofs. Thesix big equilateraltrianglesin thepicturecorrespondsto thesix Ceva configurationsthatarisein the
proof. Oppositesidesof thehexagonhave to beidentified.Sotheoverall topologyof theproof is a torus.
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In eachtrianglethe point in the middle correspondsto the Ceva point. The interior structureof the triangles
forms nine rhombi (after the identification). Eachrombus correspondsto oneof the original equationsof the
biquadraticproof.

4. FURTHER INVESTIGATIONS AND APPLICATIONS

Furthermoreit will be demonstrated,how the structuralinsight canbe usedto completelyclassify incidence
theoremsthatinvolveonly threebundlesof parallellines.This leadsto acompleteclassificationof rhombictilings
with threedirectionswith respectto liftability . As a further enhancementit is alsodemonstratedhow the setof
geometricprimitivescanbeenrichedto coveralsostatementsaboutconics.
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